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A solution is found for the unsteady problem of heat t r ans fe r  between a dense slab of d is -  
perse  mater ia l  and an object within this slab for  the case of boundary conditions of the 
fourth kind. The calculated resul ts  are  compared with experiment.  

In studies of unsteady heat t r ans fe r  between a dense slab of a d i sperse  mater ia l  and an object within 
the slab, the tempera ture  at the sur face  of the object is usually assumed to be constant over time (see, e .g. ,  
[1-41). 

In severa l  situations, however,  heating or cooling of the object in the disperse  medium is significant; 
then the calculations of the heat fluxes and t empera tu res  of the object must  be ca r r i ed  out by jointly solving 
the heat-conduction equations for the medium and the object. Obviously, the t empera tu res  and heat fluxes 
must  be equal at the boundary between the object and the medium (these are  boundary conditions of the 
fourth kind). A problem of this type was treated in [5], but for only for large values of the Four i e r  number 
Fo. An experimental  study was ca r r i ed  out in [6, 7]. In the pa ramete r  ranges studied, however,  it was not 
possible to determine how the rate of heat t r ans fe r  was affected by the varying surface tempera ture .  
Numerical  calculat ions have also been ca r r i ed  out [7]; they have shown that in the case of boundary condi- 
tions of the fourth kind, in contras t  with the case  of boundary conditions of the f i rs t  kind, it is necessa ry  to 
introduce at least one more pa ramete r ,  to take into account the ratio of the specific heats at constant 
volume of the medium and the object. 

We res t r i c t  the present  analysis  to heat t r ans fe r  of thin objects; i.e.,  we neglect the tempera ture  
changes over  the c r o s s  section of the object. We also assume that the tempera ture  drops in the slab and 
the tempera ture  level are small,  so that we can neglect radiation, and we assume that all the thermal  
proper t ies  are independent of the tempera ture .  

We consider  the heat exchange between an object immersed  in the bed and the d isperse  medium. The 
object is a plate of thickness 5, with a thermal  conductivity so high that we can neglect the tempera ture  
drop over  its c r o s s  section.  

To solve this problem we use the model developed in [9]. The hyperbolic heat-conduction equation 
for the one-dimensional  case can be derived from two equations (see, e.g.,  [8]): 

O~ Oq 
- -  - -  ~ r  - -  , ( 1 )  

O~ Oq (2) 
C9 

at  OX 
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Fig. 1. Calculated dependence of the dimension-  
less  heat flux on the dimensionless  t ime. I-gI)  
Solutions of the hyperbolic equation for  the d is -  
perse  system for/~ = 0.1; 0.25; 0.5; 1; 10; mad 
1000, respect ively;  1, 2, 3, 4, 6) solutions of the 
c lass ica l  heat-conduct ion equation for  a s ingle-  
phase  system for/~ = 0.1; 0.25; 0.5; 1; 10; and 
1000, respec t ive ly .  

] 
t 

Equation (1) is a general ized h ea t - t r an s f e r  law 
incorporat ing relaxation,  while Eq. (2) is the heat -  
balance equation. 

We adopt the following boundary conditions for 
a semiinfinite medium: 

O(X, 0 ) = 0 ,  X >O ,  (3) 
q(X, o)=o, x > o ,  (4) 

(o, o) = ~o, (5) 

Copo6 a-~~ = qlx=o (6) 
O~ ix=0 

Equations (5) and (6) give the conditions of con-  
tact  and heat exchange between the slab of d i sperse  
ma te r i a l  and the plate. 

In t e rm s  of dimensionless  var iab les ,  problem 

Nu 

(1)-(6) is 

O0 Fo r 8 Nu , (7) 
8Y O Fo 

O0 _ 0 N u  (8) 

0 Fo OY 

O(0, r)--= 0, Y > 0 ,  (9) 

o(o ,  o ) =  1, (lo) 

Nu (0, Y) = 0, Y :> 0, (11) 

aO 
'-- ~ ~ v=0 = Nulr-0. (12) 

Using the method of integral  Laplace  t r ans fo rms ,  we find a solution of Eqs.  (7)-(12) for  the heat flux 
at the s l ab -p l a t e  interface:  

) ' Fo " ' 1 ,  1 ) -'/2 
Fo fFo') -2To  ;-Fo  

Fo 

•  I~ ] ' 4Fo~ ~ bt 2Fo, (Fo--~) d~ 
0 

/ , + ,1 - ,  pFo T 2F% ,! 4To~ t~ Fo r v2F~ . 

A cheek  of Eq. (13) for  cer ta in  par t i cu la r  eases  ver i f ies  the solution. Specifically,  we find Nu(0, 0) 
= FOr 1/2, which ag rees  with the data of [9]. In the limit/~ ~ oo Eq. (13) conver t s  into an equation der ived in 
[9] for  boundary conditions of the f i r s t  kind: 

=For  '- exp (-- 2-~o~ ) lo ~ ~o~ ,] . (14) Nu(0, Fo) -1,", Fo [ Fo "~ 

The equations for  | Fo) and Nu(0, Fo) fo r  large values of Fo Were found by taking the co r re spond-  
ing l imits  in t r ans fo rm space; they are  

( 1 Nu(0, Fo)=(z~Fo)-l/2--~-lexp ~ ,  erfc \ ,a / '  

0(0, Fo)=exp ~ erfc --~-- , 

u = ~ -  = (~Fo)-U2 exp ~ / L  erfc \ T / . I  - ~ -  
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F i g .  2. C a l c u l a t e d  and e x p e r i m e n t a l  d a t a  on u n s t e a d y  hea t  
exchange  a t  a p l a t e  in a d e n s e  bed of d i s p e r s e  m a t e r i a l .  
1-4)  E x p e r i m e n t a l  d a t a  fo r /~  = 0.1; 0.5; 0.7,  and 3 .6 ,  r e -  
s p e c t i v e l y ;  I - IV)  so lu t ion  of the h y p e r b o l i c  equa t ion  for  a 
d i s p e r s e  m e d i u m  with # = 0.1; 0.5; 1, and 10, r e s p e c t i v e l y .  

T A B L E  1. V a l u e s  of the P a r a m e t e r  # 
and G e o m e t r i c  D i m e n s i o n s  of the P a r -  
t i c l e s  and the W a l l  

d, I r l m  6, m m  

0,93 
5,05 
0,93 
5,05 

0,32 
0,32 
2,18 
2.18 

0 , 5  
0,1 
3,56 
0,66 

Equa t ion  (16) i s  the f a m i l i a r  s o l u t i o n  f o r  a p la t e  in con -  

t a c t  with a h o m o g e n e o u s  s e m i i n f i n i t e  m e d i u m  [10]. 

I t  was  shown p r e v i o u s l y  [9] tha t  the so lu t ions  of the  h y -  
p e r b o l i c  equa t ion  in the c a s e  of b o u n d a r y  cond i t i ons  of  the  
f i r s t  kind fo r  the  t e m p e r a t u r e  and the hea t  f lux a t  the bounda ry  
a r e  the s a m e  a s  the  s o l u t i o n  of  the  s y s t e m  of h e a t - c o n d u c t i o n  
equa t i ons  f o r  a d i s p e r s e  m e d i u m  [11]. In t e r m s  of the p r e s e n t  
no ta t ion ,  and t ak ing  into a c c oun t  the s m a l l n e s s  of the  t e r m  wi th  
the d e r i v a t i v e  of the gas  t e m p e r a t u r e  wi th  r e s p e c t  to the t i m e ,  
we can  w r i t e  th i s  s y s t e m  of equa t i ons  and the b o u n d a r y  c o n d i -  
t ions  of the four th  kind a s  fo l lows :  

8@1 _ (9., __ 01 , (17) 
For 8 Fo 

~ --  e., - -  ~:t' (18) For c)y~ 

O 1(0, Y)=@2(0,  Y ) = 0 ,  Y > 0 ,  (19) 

0.. [0, O) = 1, (20) 

u - = Nu[r---o. (21) 
8Fo ir=0 

Us ing  the me thod  of i n t e g r a l  t r a n s f o r m s  we can  e a s i l y  show tha t  the  s o l u t i o n  of E q s .  (17)-(21) fo r  
| Fo) and Nu(0, Fo)  i s  the  s a m e  a s  the  so lu t i on  of h y p e r b o l i c  equa t i ons  (7), (8)~ A c c o r d i n g l y ,  to c a l c u -  
l a te  Nu(0, Fo)  we u s e ,  not  (13), but the p r o g r a m  w o r k e d  out p r e v i o u s l y  fo r  a n u m e r i c a l  s o l u t i o n  of s y s t e m  
(17)-(21).  The  r e s u l t s  of t h e s e  c a l c u l a t i o n s ,  fo r  which we a s s u m e d  F o  r = 0.25 [9], a r e  shown in F i g .  1; we 
s e e  tha t  the  d i m e n s i o n l e s s  hea t  f lux under  b o u n d a r y  c ond i t i ons  of the fou r th  k ind ,  even  when r e f e r r e d  to the 
i n s t a n t a n e o u s  r e d u c e d  t e m p e r a t u r e  d i f f e r e n c e ,  i s  s m a l l e r  than  the h e a t  f lux in the  e a s e  of a c o n s t a n t  t e m -  
p e r a t u r e  at  the b o u n d a r y .  A l so  shown in th i s  f i g u r e  a r e  the c o r r e s p o n d i n g  c u r v e s  o b t a i n e d  th rough  a s o l u -  
t ion of the  o r d i n a r y  d i f f e r e n t i a l  h e a t - c o n d u c t i o n  equa t ion  with  b o u n d a r y  cond i t i ons  of  the  fou r th  k ind ,  with 
the d i s p e r s e  m e d i u m  t r e a t e d  a s  a h o m o g e n e o u s  m e d i u m  wi th  c e r t a i n  e f f ec t i ve  p r o p e r t i e s .  A t  the  s a m e  
t i m e ,  the h e a t  f lux f o r  c e r t a i n  v a l u e s  of F o  i s  l a r g e r  (and f o r  c e r t a i n  v a l u e s  i t  i s  s m a l l e r )  than the h e a t  
f lux in a h o m o g e n e o u s  m e d i u m .  T h e s e  f e a t u r e s  of hea t  e x c h a n g e  a t  an o b j e c t  in a d i s p e r s e  m e d i u m ,  in -  
c o r p o r a t i n g  a t e m p e r a t u r e  change  a t  the  s u r f a c e  of the o b j e c t ,  m u s t  be t a k e n  into accoun t  in c a l c u l a t i n g  
h e a t  e x c h a n g e  in both a d e n s e  bed and in a f l u id i zed  bed.  In the l a t t e r  c a s e ,  t h i s  c i r c u m s t a n c e  can  t u r n  out  
to be i m p o r t a n t ,  if the  change  in the s u r f a c e  t e m p e r a t u r e  d u r i n g  a unit  c o n t a c t  with the d e n s e  p h a s e  is  qui te  
l a r g e .  I t  i s  i n t e r e s t i n g  to c o m p a r e  t h e s e  r e s u l t s  with the e x p e r i m e n t a l  d a t a .  The  e x p e r i m e n t s  of [6] w e r e  
c a r r i e d  out  fo r  0.3 <-- t~ --- 3 .9 ,  F o  < 5. We s e e  f r o m  the  c a l c u l a t e d  c u r v e s  in F i g .  1 tha t  the  c u r v e s  fo r  d i f -  
f e r e n t  v a l u e s  of F o  > 5" 10 -2 b e c o m e  d i s t i n c t  a t  p. In t h i s  r a n g e ,  e x p e r i m e n t s  w e r e  c a r r i e d  out fo r  d = 0.39 
and 0.93 m m  and f o r  5 = 1 r am,  c o r r e s p o n d i n g  to t~ = 3 .9  and # = 1 .65.  At  t h e s e  v a l u e s  of #, the inf luence  
of t h i s  p a r a m e t e r  is  s l igh t .  We t h e r e f o r e  c a r r y  out  e x p e r i m e n t s  wi th  c o p p e r  p l a t e s  of two d i m e n s i o n s  and 
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in beds consist ing of glass spheres  of two sizes (Table 1). The experimental  apparatus is a rectangular  
column with Plexiglas walls 7 mm thick and a c ro s s  section of 175 x 48 ram. As the ca lo r ime te r  we use 
plates 100 x 50 x 0.32 mm and 100 • 50 x2 .18  mm in size. On one surface of the plate, in a groove pro-  
vided for the purpose,  there is a copper-wire  heater  0.10 mm in diamete~ while o n t h e  other  surface  
there  is a res i s tance  t he rmomete r  (copper wire ,  0.02 m m  in diameter) .  The ca lo r ime te r  is placed along 
the axis of the large  sides of the column at the lower par t  of the apparatus.  In the experiments,  the d is -  
pe r se  mate r ia l  in the column is in contact with a preheated ca lor imete r ,  and the cooling process  is moni -  
tored.  

The experimental  procedure  and the procedure  for analyzing the experimental  data are described,  
along with the schematic  c i rcu i t  of the e lectr ical  measurements ,  in [4, 12]. 

The experimental  resul ts  are  compared with the calculated curves  in Fig. 2. We see that the ex- 
per imental  and calculated data agree  sa t is factor i ly ,  justifying the use of the present  model for  descr ibing 
heat t r ans fe r  in a d isperse  medium under boundary conditions of the fourth kind, These resul ts  also show 
that the influence of the pa r ame te r  ~ must  be taken into account in a study of heat exchange of objects im- 
mersed  in a bed. 

q 

C0P0 
Cp(1-e) 
X 
Y = X / d  
d 
6 

| 

T 

7r 

X 

Nu = ~d/X 
Fo = ~.T/Co(1-e)d 2 

FOr 

~ = Co005/2Cp(1-e)d 
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NOTATION 

heat flux; 
volume specific heat of wall; 
volume specific heat of disperse system; 
coordinate; 
dimensionless coordinate; 
particle diameter; 
porosity; 
tempe ratu re; 
integration variable; 
dimensionless temperature; 
t ime; 
relaxation time; 
hea t - t r ans fe r  coefficient for the slab of disperse  mater ia l  and the surface;  
thermal  conductivity; 
Nusselt  number;  
Four i e r  number;  
d imensionless  relaxation time; 
plate thickness;  
d imensionless  pa ramete r .  

I n d i c e s  

1 is the solid phase.  
2 is the gas phase.  
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